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We studied the gravitational collapse of a shell of dust in shape dynamics. We found out static
and oscillatory solutions. In the large momentum limit we found out that the shell never reaches the
singularity when the momentum of the shell is much larger than the mass of the shell in magnitude.
The shell does not reach to the origin in a finite amount of time however when the momentum
of the shell becomes comparable to minus the mass of shell, the large momentum approximation
breaks down. Therefore more detailed future works hopefully may be able to answer the question
of singularity formation in this setup.
I. INTRODUCTION
A re-interpretation of Einstein’s general theory of grav-
itation (GR) [1] (see refs. [2, 3] for a detailed account of
the theory) named as shape dynamics (SD) [4–6] (see
ref. [7] for a review) does not include local Lorentz sym-
metry and instead involves local scale (Weyl) symmetry.
Historically, the development of SD comes after Julian
Barbour’s interpretation of Mach’s principle [8]. Later,
Barbour gives a completely relational account of N par-
ticles with gravitational interaction in ref. [9]. Although
the foundations of SD were laid in refs. [4–6], the form
of SD as we understand it today has been found in refs.
[10, 11]. What is basically done in [10, 11] is to remove
the local Lorentz symmetry in GR and replace it with
local scale symmetry.
In ref. [12] the collapse of a thin shell of spherically
symmetric dust under gravity has been investigated and
it has been found out that the infalling matter does not
cross the event horizon in a finite amount of asymptotic
time, however, nevertheless leaves the Schwarzschild so-
lution [13, 14] outside the shell. This is in agreement with
the results from GR. In GR, an observer well outside the
arena cannot observe matter crossing the event horizon
but only approaching it in the t→∞ limit. Ref. [15] col-
lapse of a single and two thin shells of spherical symme-
try is studied. In the single shell scenario, they found out
that the shell is static. This is mainly because there the
space has the topology of S3 (In our case it is [0, 1]×S2).
We did not study two shell scenario, so we leave it readers
to read more about it through ref. [15].
The solution of ref. [12] has downsides (as noted in
their article) in the way that SD requires a compact
space, whereas they considered events happening in an
asymptotically flat space that is non-compact. We rem-
edy this problem by considering a spherical shell of dust
of radius rs in a 3-ball (Sb ≡ [0, 1]×S2) with rs < 1 and
with boundary condition (1, θ, φ) = (1, pi − θ,−φ). See
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Figure 1. Hence Sb is compact without boundary where
shape dynamics is well defined [16].
rs
FIG. 1. Ilustration of the configuration of the system. The
dust shell is located with spherical symmetry at radius rs.
The paper is organized as follows. In Section II the
equations of motion in the vacuum are given for SD. In
Section III we couple a spherically symmetric thin shell
of dust to shape dynamics and set up the jump condi-
tions for the metric components. We investigate the time
evolution of the shell in Section IV. Since the equations
of motion are very complex to be solved analytically we
solve them in various limiting cases and, finally, Section V
is devoted to conclusions.
II. THE VACUUM SETUP
We consider a spherically symmetric compact space,
which is [0, 1] × S2, with antipodal matching. In that
space, we consider a spherically symmetric thin shell of
dust located at coordinate radius rs. Inside and out-
side rs the space is empty. For that purpose we need
to describe metric and metric momenta in the vacuum.
The most general spherically symmetric metric and met-
ric momenta are as follows [16]:
gab = diag(µ
2, σ, σ sin2 θ), (1)
pab = diag
(
f
µ
,
s
2
,
s
2 sin2 θ
)
sin θ, (2)
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2where ξa = (ξ(r), 0, 0) is the shift vector field and
µ, σ, f, s are functions of the radial coordinate r. In the
CMC (Constant Mean extrinsic Curvature) gauge, the
vacuum SD constraints are as follows [7]:
H = 1√
g
(
pabpab − 1
2
p2
)
−√gR, (3)
Ha = −2∇bpba, (4)
p =
√
g〈p〉, (5)
where H is the ADM Hamiltonian, Ha is the diffeo-
morphism constraint and p is the trace of the conjugate
metric momentum. When the values of gab and p
ab is
put in equations (3), (4) and (5) we get the following
equations [7]:
− 1
6σµ2
[
σ2µs2 + 4f2µ3 − 4fσµ2s+ 12σµσ′′
− 12σσ′µ′ − 3µ(σ′)2 − 12σµ3 − 〈p〉2σ2µ3
]
= 0, (6)
µf ′ − 1
2
sσ′ = 0, (7)
µf + sσ − 〈p〉µσ = 0, (8)
where (′) stands for differentiation with respect to r.
Using equations (4) and (5) gives us:
µ√
σ
(
f
√
σ − 1
3
〈p〉σ3/2
)′
= 0. (9)
Hence we obtain the solution as:
f
√
σ − 1
3
〈p〉σ3/2 = A(τ), (10)
where τ is York time. The Hamiltonian constraint can
be written as follows [7]:
− σ
1/2µ
σ′
∂
∂r
[( σ′
σ1/4µ
)2
− 4√σ − f
2
√
σ
]
(11)
=
2fµ
σ′
(
f ′ +
fσ′
2σ
− 〈p〉σ
′
2
)
. (12)
The term inside the parenthesis on the right hand side
of equation (12) vanishes [7], hence the term whose radial
derivative is taken must equal to a constant [7]:
(
σ′
σ1/4µ
)2
− 4√σ − f
2
√
σ
= −8m. (13)
When the solution (10) is put into equation (13) we
obtain the µ2 as:
µ2 = (σ′)2
(
A2σ−1 + (
2
3
〈p〉A− 8m)σ1/2
+ 4σ +
1
9
〈p〉2σ2
)−1
(14)
We have found µ2 as in (14) however we know that
it should be greater than zero because the three dimen-
sional metric should be regular. This condition puts a
restriction on the radial derivative of σ (σ′) and the σ it-
self. This issue is handled in [7] in detail and we suggest
readers read this note.
III. COUPLING A THIN SHELL OF DUST TO
GRAVITY AND THE JUMP CONDITIONS
The problem of coupling a thin shell of dust to shape
dynamics is done in [12]. We will follow its definitions to
settle a ground for discussion. We suppose there are n
particles each of mass m0. The ADM constraints for a
single particle is as follows [12]:
H = δ(xa − ya)
√
gabpapb +m20, (15)
Ha = δ(xa − ya)pa. (16)
If we take the continuum limit of particles on a shell
of radius rs, the constraints become [12]:
H =
√
h ρ(rs) δ(r − rs)
√
grrp2r +m
2
0, (17)
Ha = δra
√
h ρ(rs) δ(r − rs) pr, (18)
where ρ(rs) is a scalar function yet to be determined
and hij is the metric on S
2 induced by gij . Imposing the
condition that in this process the number of particles is
constant, gives us [12]:
ρ(rs)
∫
dθdφ
√
h(rs) = 4pin. (19)
If we rescale the momentum and mass as ps = npr and
M = nm0, the constraints (6), (7) and (8) become [7]:
− 1
6σµ2
[
σ2µs2 + 4f2µ3 − 4fσµ2s+ 12σµσ′′
− 12σσ′µ′ − 3µ(σ′)2 − 12σµ3 − 〈p〉2σ2µ3
]
= δ(r − rs)
√
p2s/µ
2 +M2, (20)
µf ′ − 1
2
sσ′ = −ps
2
δ(r − rs), (21)
µf + sσ − 〈p〉µσ = 0. (22)
CMC constraint (22) gives us s = 〈p〉µ − µf/σ and
when put in (21) yields [7]:
3µ√
σ
(
f
√
σ − 1
3
〈p〉σ3/2
)′
= −ps
2
δ(r − rs). (23)
A method to solve (23) is given in [7, 12], the solution
is:
f(r) =
1
3
〈p〉√σ + A−√
σ
Θ(rs − r) + A+√
σ
Θ(r − rs), (24)
where Θ is the Heaviside distribution and
A+ −A− = −ps
√
σ(rs)
2µ(rs)
. (25)
Here A− and A+ are functions of rs and ps. On the
other hand, if we look at (20), the only singular part on
the left hand side comes from the −2σ′′/µ and we have
[7]:
sing
(
2σ′′
µ
)
= −δ(r − rs)
√
p2s/µ
2 +M2, (26)
which yields
sing(σ′′) = −1
2
δ(r − rs)
√
p2s +M
2µ2. (27)
Let γ = limr→r+s σ
′ and κ = limr→r−s σ
′, then we have
[7]:
γ − κ = −1
2
√
p2s +M
2µ2(rs). (28)
Last but not least, we need to impose continuity to µ.
Using (14) we obtain:
κ2
(
A2−σ
−1(rs) + (
2
3
〈p〉A− − 8m−)σ1/2(rs)
+ 4σ(rs) +
1
9
〈p〉2σ2(rs)
)−1
= γ2
(
A2+σ
−1(rs)
+(
2
3
〈p〉A+−8m+)σ1/2(rs)+4σ(rs)+ 1
9
〈p〉2σ2(rs)
)−1
(29)
In the next section we investigate the dynamics of the
spherically symmetric thin shell of dust.
IV. EVOLUTION OF THE SHELL
The presymplectic form is as follows [12]:
θ =
∫
drdθdφpabδgab + 4pipsδrs. (30)
When definitions of metric and conjugate momentum
of metric which are defined in (1) and (2) are taken into
account in equation 30 and the angular part is integrated
out, what we have is the following:
θ = 4pi
∫ 1
0
dr(2fδµ+ sδσ) + 4pipsδrs. (31)
Using the CMC condition (22) we find (modulo an ex-
act form):
θ = 4pi
∫ 1
0
dr
(
〈p〉µδσ − 2µ√
σ
δ(f
√
σ)
)
+ 4pipsδrs. (32)
Let us use the form of f found in (24), then we obtain:
θ = 4pi
∫ 1
0
dr
[
〈p〉µ
(
1− 2
3
√
σ
)
δσ − 2µ
√
σδ〈p〉
3
]
︸ ︷︷ ︸
≡−φ
− 8pi
[
δA−
∫ rs
0
dr
µ√
σ
+ δA+
∫ 1
rs
dr
µ√
σ
]
. (33)
Here we move on to the isotropic coordinates: µ =√
σ/r. In this case, the presymplectic potential becomes
θ = −φ + 8pi δ(A+ − A−) ln rs modulo an exact form.
Using equation (25) we can write this as follows:
θ = −φ− 4pi δ(psrs) ln rs. (34)
The symplectic form, ω, which is minus the exterior
derivative of θ is found out to be:
ω = −δθ = δφ+ 4pi δrs ∧ δps, (35)
where δφ does not depend on δrs or δps. In matrix
form, ω can be represented as follows:
ωab =
F (δφ) 0 00 0 4pi
0 −4pi 0
 , (36)
where the order of the coordinates is as “others”, rs, ps
where F is some function of δφ. The inverse of the sym-
plectic form to calculate the Poisson brackets is found as
follows:
ωab =
F−1(δφ) 0 00 0 −1/4pi
0 1/4pi 0
 . (37)
H is the rescaled Hamiltonian density in equation (20).
Using equation (17) and equation (19), the Hamiltonian
is then found out to be the following:
4H =
∫
drdθdφ
√
gH
= pi2σ(rs)
√
p2s +M
2µ2(rs). (38)
Now, we find the equations of motion for rs and ps.
We have already calculated the symplectic form so we
can calculate the Poisson brackets of rs and ps with the
Hamiltonian. For r˙s we have:
r˙s = {rs, H},
=
1
4pi
∂H
∂ps
,
=
pi
4
σ(rs)
ps√
p2s +M
2µ2(rs)
,
=
pi
4
σ(rs)
ps√
p2s +M
2σ(rs)/r2s
. (39)
And for p˙s we have the following:
p˙s = {ps, H},
= − 1
4pi
∂H
∂rs
,
= −pi
4
σ′(rs)
√
p2s +M
2µ2(rs)
− pi
4
σ(rs)
M2µ(rs)µ
′(rs)√
p2s +M
2µ2(rs)
,
= −pi
4
σ′(rs)
√
p2s +M
2σ(rs)/r2s
− pi
4
σ(rs)
2r2s
M2√
p2s +M
2σ(rs)/r2s
×
(
σ′(rs)− 2σ(rs)
rs
)
. (40)
These equations are very complex to be solved analyt-
ically. We will make an approximation and suppose that
the shell is very close to origin: rs  1.
A. Perturbation Analysis
Near the origin the metric should be flat and for that
purpose σ(r) ≈ r2. There is one more issue to be solved:
σ′(r) is discontinuous at r = rs. Therefore we will equate
σ′(rs) to the average of left (κ) and right (γ) limits of
σ′(rs). Since we can approximate σ(r) ≈ r2 inside rs, we
find κ = 2rs. The use of equation (28) yields:
σ′(rs) =
κ+ γ
2
≈ −1
4
√
p2s +M
2 + 2rs. (41)
For rs  1, the equations of motion (39) and (40)
become:
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FIG. 2. The evolution of rs for rs(0) = 0.2, ps(0) = 0 and
M = 1.
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FIG. 3. The evolution of ps for rs(0) = 0.2, ps(0) = 0 and
M = 1.
r˙s ≈ pi
4
r2sps√
p2s +M
2
, (42)
p˙s ≈ pi
16
(p2s +M
2)− pi
2
rs
√
p2s +M
2 +
piM2
32
. (43)
These equations admit a static solution: rs =
3M/16, ps = 0. If we do a perturbation analysis around
the static solution the results turn out to be functions of
circular functions:
rs(t) ≈ 3M
16
+Ar sin (Ω(t− tr)) , (44)
ps(t) ≈ Ap sin (Ω(t− tp)) , (45)
where Ω = 3piM3/2/32
√
2, Ar, Ap, tr, tp are integration
constants and there are conditions on the first two inte-
gration constants: |Ar|  3M/16  1, |Ap|  M . As
we see in this limit rs is oscillating and it never reaches
r = 0 point. If a black hole was to form, rs would always
be decreasing unlike the current result. Therefore in this
approximation black holes do not form. See Figure 2 and
Figure 3.
5B. High Momentum Limit: −ps M
In the limit −ps M , the equations of motion become
the following two:
r˙s ≈ −pir
2
s
4
, (46)
p˙s ≈ pip
2
s
16
. (47)
The solutions are given as follows:
rs(t) ≈ 1
1/rs(0) + pit/4
, (48)
ps(t) ≈ 1
1/ps(0)− pit/16 . (49)
In the high momentum limit, the dust shell collapses
to a single point in the t → ∞ limit, however it does
not reach the origin in a finite amount of time. More
importantly, the shell does not enter a parallel uni-
verse. In ref. [17] it is found out that the spheri-
cally symmetric vacuum solution of SD in an asymptoti-
cally flat space is an Einstein-Rosen bridge: a portion of
the usual Schwarzschild solution in isotropic coordinates.
Now, we did not find that this result will be a product
of gravitational collapse: just like maximally extended
Schwarzschild solution is not obtained by a gravitational
collapse. What is interesting in our solution is that the
radial momentum of the shell keeps increasing (in magni-
tude it decreases) and when it becomes comparable with
minus the mass of the shell, −M , this limiting analysis
is no longer valid. Therefore there is still the possibility
that a singularity might not form. More detailed future
studies are needed to remedy this shortcoming.
V. CONCLUSION
In this study we investigated the gravitational collapse
of a shell of dust in shape dynamics (SD). SD is a theory
of gravity that is equivalent to general relativity (GR)
in the constant mean extrinsic curvature gauge of the
latter. In SD, instead of the local Lorentz symmetry of
GR there is local scale (Weyl) symmetry. We considered
a filled-in ball of radius one, with antipodal matching at
the surface, as our space.
We obtained the full equations of motion for the radial
coordinate radius, rs, of the shell and its total radial mo-
mentum, ps. We solved the equations in the approxima-
tion where the shell is close to the origin: rs ≈ 0. We have
found out a static solution for rs = 3M/16  1. More-
over we did a perturbation analysis around this static
solution and found out that rs and ps are periodic with
the angular frequency 3M/8
√
2.
We also studied the large momentum limit (−ps M)
of the equations in order to see whether a large infalling
radial momentum will break the periodicity of the pre-
vious equations. The result is that limt→∞ rs = 0. This
is in contrast to shells reaching the singularity in a finite
amount of time in GR. However this analysis will break
down when−ps becomes comparable with the mass of the
shell, M . Therefore it is still an open question whether a
singularity will form or not. We hope that more detailed
future works may be able to answer this point.
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